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Abstract 
In this short paper the problem of continuous time online estimation of frequency of a mixture of sinusoidal signal is 
considered. A simple estimator based on minimization of a Lyapunov function is suggested for the solution of this 
problem. For given a sinusoid signal consisting of many frequencies, the results show that estimator is globally 
convergent which can be applied for any initial condition and frequency values. 
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1. Introduction  
A well known problem in control system theory is the simultaneous online globally convergent 
estimation of the frequency of a signal. It has got many practical applications in engineering field [1-2]. 
Various techniques are proposed to estimate frequency for both offline and online estimation. Many 
algorithms have been developed to estimate frequencies and solve this problem [3-4]. Some of the global 
convergent estimators are reported in [5-9] where the signals are globally bounded. But this non linear 
dependence on the unknown frequency makes it difficult for many techniques to implement in an online 
application.           
In this paper a simple estimator is suggested which minimizes a Lyapunov function for estimation of 
frequencies present in a mixture of sinusoidal signals. The estimation is asymptotically correct for all 
initial condition and for all frequency values. In section 2, proof is provided for single frequency 
estimation but the result can be easily extended for many unknown frequencies. This estimator is a 
continuous time online estimation and all signals are globally bounded. The results for the taken 
parametric values are presented in section 3 and final conclusions are discussed in section 4. 
2. Single frequency estimation 
Let us consider a signal which is a combination of many sinusoids. Specifically, 
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where ܣଵ௜ǡ ܣଶ௜ ് Ͳ. The frequencies ߱௜ ് ௝߱Ǣ ݅ ് ݆; and the phases  ߶ଵ௜ǡ ߶ଶ௜ are all unknown. For single 
frequency estimation the problem can be simplified by considering all phases equals to zero and  ݊ ൌ ͳ,
such that (1) reduces to 
                                     ݕሺݐሻ ൌ ܣଵܵ݅݊ሺ߱ݐሻ ൅ ܣଶܥ݋ݏሺ߱ݐሻ (2) 
 The time derivative of (2) are given as , 
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Furthermore we can write,  
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A state model can be developed so that, 
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where frequency ߱ଶ is unknown and ݇ଵǡ ݇ଶǡ ߣ ് Ͳ. This system is transformed into another system as,  
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The estimator is design with states,  
                                     ࢄ ൌ ሾݔଵǡ ݔଶǡ ݔଷሿ்
and the estimation errors are as, 
                                     ݁ଵ ൌ ݓଵ െ ݔଵ
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(5) 
 The estimator can be proposed as:  
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where ɉǡ Ɍǡ ɀ ൐ Ͳǡ ݇ଵǡ ݇ଶ ് Ͳ ensure that ௡՜ஶ ݁ ൌ Ͳ.
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Proof:  The error dynamics take the form 
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Now a Lyapunov function can be considered as, 
                                                     
                                                    ܸሺ݁ሻ ൌ ࢋ்ࡹࢋ
where, 
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Since ࡹ is Hermitian, a standard calculation show that ࡹ is definite-positive if ܿଵ ൐ Ͳ and ܿଵ݇ଶ ൐ ݇ଵଶ
from which ݇ଶ must be positive. The derivative of  ܸሺ݁ሻ is now calculated as, 
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To ensure that ሶܸ ሺ݁ሻ is semi-definite-negative, we need to ensure that, 
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So that, to satisfy both conditions ܿଵ݇ଶ ൐ ݇ଵଶ and (8), we impose equation that,  
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Now, since ሶܸ ሺ݁ሻ is not definite- negative, it is observed that ሶܸ ሺ݁ሻ ൌ Ͳ in the set ݁ଵ ൌ ݁ଶ ൌ Ͳ. To prove 
that stability of error dynamics, we verify that the solution of the error dynamics plus estimator in is given 
by, 
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(9) 
ݔଶሶ ൌ െ
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ߣ
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From (9) it is observed that  ݁ଷ must be zero, since ݁ଵ ൌ Ͳ implies that ݔଵ ൌ ݓଵ and this is not zero except 
in the trivial solution, so ݁ଷ ൌ Ͳ and the error dynamics tends asymptotically to zero, i.e. ݔଷ tends 
asymptotically to the value of  ߱ଶ. So the only solution for error dynamics is trivial solution. This gives 
that estimator is globally convergent. 
3. Simulation results 
The performance of the estimator was tested with extensive simulation, The result is shown in Figure.1. 
Here the behavior of estimator for single frequency is presented for ߣ ൌ ͳǡ ߛ ൌ ͳͲǡ ߦ ൌ ͳǡ ݇ଵ ൌ ͳǡ ݇ଶ ൌ
ͳǡ ߙ ൌ ͳand ݕሺݐሻ ൌ ܵ݅݊ሺߙݐሻ.
It can be observed from figure that estimator exhibits good performance so this validates our proposed 
estimator. 
Figure 1. Single frequency estimation case: (a) phase portrait in three dimensions, (b) variation of estimator state ݔଷ which 
involves frequency information, (c) variation of actual signal and estimated signal, and (d) variation of signal estimation 
error. 
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4. Conclusion 
In this paper the problem of global frequency estimation is addressed. A simple estimator is proposed 
which provides a solution to this important problem in system theory. This estimator is globally 
convergent for all initial conditions and frequency values. The extensively performed simulation proves 
the validity of the proposed solution.    
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